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In this paper, we systematically develop a hierarchy of constitutive equations at various levels of
abstraction for describing the dynamics of incompressible liquid-crystalline systems. We also introduce
a corresponding hierarchy of generalized bracket formulations. The simplest brackets, in terms of the
direction vector, are capable of generating the Leslie-Ericksen (LE) theory in both the standard form
of the equations (inertial) as well as the form in which the inertia associated with the rotation of the
director is neglected. In parallel, a second, more-complex class of brackets is introduced, in terms of
a structural tensor, which generates a theory that is more general than the LE theory, in that it can
describe more-diverse phenomena, such as biaxiality and phase transitions, As particular cases, the
generalized equations reduce to the LE equations or the more recent theory of Ericksen under the
uniaxial approximation. Thus the collection of the governing equations of the generalized theory rep-
resents an inherently consistent set, which covers all the range from the director (LE-type) theories
and the order-parameter (Doi-type) theories.

Keywords: liquid crystals, rheological theory, poisson bracket, hamiltonian formulation,
tensorial parameters

1. INTRODUCTION

In the 1960’s, Leslie and Ericksen!~> introduced a theory which describes the
dynamics of liquid-crystalline systems based upon the motion of a direction unit
vector, n, called the director. Though, in general, quite successful, the theory still
suffered from several drawbacks. First, due to the form of the dissipation in the
unit vector description, it was only applicable in the small, linear deformation rate
regime. Also, the use of the unit vector to describe the orientation excludes from
the problem formulation a lot of interesting physics and observed phenomena which
occur in liquid crystals; for instance, biaxiality and phase transitions.®

31
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In the early 1980’s, Doi introduced equations for liquid crystals (rigid-rods) based
upon a structural tensor, S, called the order-parameter tensor.”-'® This theory also
had successes; it was applicable in the non-linear flow regime and could describe
the isotropic/nematic phase transition in lyotropic liquid crystals. Its drawbacks
were that it could not describe spatial inhomogeneities in the orientation and has
neglected inertial effects associated with the rotation of the director (it is a quasi-
steady state theory).

Recently, Grmela!! has introduced an objective reference frame Poisson bracket
which can be used to generate complex constitutive equations, based upon the
Hamiltonian (free energy) of a given system, and of course, the dissipation. The
details of the Poisson bracket formulation can be found in References 11 and 12.
Also recently, Edwards et al.'>-'* used an objective Poisson bracket to develop a
general constitutive equation for liquid crystals, based upon a tensor structural
parameter. This theory reduces to Doi’s theory in the homogeneous limit, and
describes not only the phase transitions, but also the spatial inhomogeneities which
occur in the orientation. In addition, similar predictions for the initial stages of a
spinodal decomposition from the isotropic to the nematic state are obtained*
compared to those of Doi’s extended distribution-function theory.'®* However, being
derived from an objective frame Poisson bracket, the model is still incapable of
accounting for inertial effects associated with sudden changes in orientation, which
may be important in some applications.® The objective of this paper is to close this
gap, and in so doing, to complete the cycle of elucidating the connections between
the unit-vector and order-parameter theories for liquid-crystalline flow behavior.

The underlying idea behind this paper is to introduce a consistent set of alternate
formulations for incompressible liquid-crystalline flows. In Section 2, we describe
the Leslie-Ericksen (LE) theory for both an inertial and a non-inertial frame of
reference. In the former, the primary system variables are the velocity vector, u,
the director, n, as well as the material (substantial) time derivative of the director,
n. In the latter, the primary variables are just u and n. In Section 3, we present
the corresponding generalized bracket formulation to the LE equations for both
reference frames. This allows a consistent generalization of the LE theory in Section
4 to a theory in terms of a tensorial parameter, m, which describes the fluid
structure, for both reference frames. As already pointed out, the use of a tensorial
structural parameter allows a greater variety of phenomena to be incorporated into
the theory. In the fully-aligned uniaxial flow approximation, when m = nn, we
shall see that the LE equations arise as a special case of the generalized theory.
In Section 5, we discuss the significance of the results of §3 and 4, as well as
demonstrate the connections between the various theories described above.

Lately, Ericksen'® and Calderer!”-'8 have been using a model similar to the LE
theory based upon a scalar-vector description of the orientation, i.e., by considering
a scalar parameter, s, in addition to the director which describes the distribution
around the preferred direction. The generalized bracket formulation can also be
used to arrive at this type of approach. We relegate this discussion to Appendix
A so as not to obscure the vector-tensor transition in the main body of this paper.
Likewise, the scalar-vector theory can be shown to be a special case of the general
tensor theory under the uniaxial approximation, m = snn + (1 - s) 6/3.
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As a last item in the introduction, let us present Figure 1, which shows sche-
matically the various levels of description, within the limits of continuum mechanics,
for liquid-crystalline systems. The most exact methods of describing the dynamics
of liquid crystals are through kinetic theory or higher-order phenomenological
theories. These, however, are generally too complicated to allow solutions to the
equations to be obtained, except in the simplest circumstances. The most general

Higher-Order Phenomenological | €- — — —> | Kinetic Theory
Theories

! l

| |

Inertial Tensor ain=0 Non-Inertial Tensor | §5 Doi
Formulation —> Formulation — -»| Theory
v, m fh u, ot
§4.1 §4.2

€«—— m=snp + (1-8)§/3 —>

as=0
Inertial Scalar- an=0 Non-Inertial Scalar-
Vector Formulation | —— > Vector Formulation
u, s, §, n, N u, s, n
App.B
< s=l -
Inertial (LE) on=0 Non-Inertial
Vector Formulation | ———————> | Vector Formulation
u, n, A u, n
§3.1 §3.2

€« =0, Pp=0 ——————>

Anisotropic an=0 Non-Inertial
Fluid Theory | ——————> | Anisotropic Fluid Theory
g, n,h u, n
l nn:Yu=0

Inextensible Anisotropic Theory

FIGURE 1 Levels of description for liquid-crystalline systems.
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method of description which allows simple solutions for most interesting problems
is that in terms of a single structural tensor, m (or m and its material derivative in
the inertial-frame theory). As special cases, we get all of the lower-level theories
represented by the scalar-vector and vector levels in both their inertial and non-
inertial forms. Of course, as we reduce the level of description, we preclude more
and more physics from the ensuing development. Hopefully, the general tensor
theory in terms of m will represent the best compromise between the higher-order
(but very complicated) theories and the simple (but often oversimplified) vector
descriptions.

Although the mathematics of the generalized bracket approach is straightfor-
ward, the algebra is often very tedious (especially for such complex materials as
liquid crystals). It is thus more important to follow the spirit of this paper, rather
than all of the minute mathematical details. The important points to recognize in
this paper are that all the liquid-crystalline descriptions possess the same underlying
structure (Hamiltonian structure) as all other transport phenomena. The major
results of this paper, in addition to the demonstration of the Hamiltonian form of
the equations, are the two sets of governing equations in terms of the structural
tensor, for both inertial and non-inertial frames. Hopefully, the ensuing mathe-
matics will not obscure the importance of these issues.

2. LESLIE-ERICKSEN THEORY

2.1 Inertial Theory

In the theory of Leslie-Ericksen!~> for incompressible liquid-crystalline systems,
the short-range order of the system is described by the vector n, called the director,
which is defined to be of unit length and, as such, subject to the constraint

n-n=1 (2.1)

The states of n and —n are physically indistinguishable from each other due to the
invariance of the molecules under a rotation of 180 degrees.

For flowing systems, two constitutive relations describe the kinematics of the
director:

ow
pU, Fu P o (an-y,ﬁ n“l.“) 8 oB,B ( )
oW oW
s + L AAA + . 3
ori, = G, + yn, o, ( 3n0,3>, . 8as (2.3)

where a superscripted dot denotes the material (substantial) derivative, i.e.,

da
da = 3[2 + uBau_B. (2.4)
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Note that the Einstein summation convention has been used, with commas denoting
spatial derivatives.

Equation (2.2) reflects the law of conservation of linear momentum. In this
expression, p is the constant density of the system, u is the velocity vector subject
to the incompressibility constraint,

divu = 0, (2.5)

pis the pressure and F is a body force vector due to an external force field. For
an external magnetic field, H, which induces in the material a magnetization, M,

Fa = MBHBs"-’ (2.6)
where
Mu = XJ_Hu + (Xﬂ - X.L)nBHBna’ (2'7)
and x, and x; are the magnetic susceptibilities perpendicular and parallel to the
director, respectively.
The last two terms in Equation (2.2) represent the effects of the extra stress.

The first term is due to the Ericksen stress,' which reflects the elastic distortion
stress of the system, arising from the Frank distortion energy,!® W, given by

2W = K (divn)? + K,(n - curln)? + K;[(n - V)n]2 (2.8)

t,p is the dissipative portion of the stress, which must satisfy thermodynamic criteria.
It is given as

taB = (Xln.yngA.ysnanB + azNanB + 0L3Nﬁna + a4AuB

+ asA a0 + agAgnn,, 2.9)
where
2A,8 = Uqp T+ Ug,, (2.10)
N, = n, — Q.ang, 2.1
and
200 = Uyg — Ug,. (2.12)

The o, must satisfy all of the thermodynamic criteria presented by Leslie,* and the
relation of Parodi® (see also Appendix C):

oy + a3 = Qg — Qs (2.13)
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(Later, we shall see how this relation arises through the generalized bracket for-
mulation.)

Equation (2.3) is an angular momentum balance. In this expression, o is an
inertial constant, 7i is the material derivative of /1, and G is a director body force
resulting from the magnetic field, expressed as,

G, = XnpgHpH,, (2.14)
with x, being the difference in the magnetic susceptibilities. Dissipation is included
in this expression through g,, which is given as

8 = — YiNa — V2Auehe; Vi = a3 — o and v, = a5 — a5, (2.15)

v in Equation (2.3) insures that n remains a unit vector,

Ggn +6W n <8W>
Y= —Upghg T o7 Mg — Ng )
6”(5 anB,'v Y

+ (o + az)ug ng — Grgha,  (2.16)

i.e., dotting Equation (2.3) with n using the above value of -y gives zero. Note that
Equations (2.1) and (2.4) imply the additional constraint

A-n=0. (2.17)

The above system of equations form a closed set which, in principle, can be solved
for arbitrary kinematics.

2.2 Non-inertial Theory

For viscous materials, a *‘quasi-steady state” theory can be developed by neglecting
changes in time of the material derivative of the director, i.e., using the quasi-
steady state assumption:

ofi, = 0, (2.18)

which can be achieved by assuming o — 0. In this case, we can use Equations (2.3,
10-12, 15) to solve directly for the time derivative of the director, #, as

. L) O3 1
A, = ———— U, gllg + < Ug g — — G,
(o — a3) PR (o — o) BB (o — )
1 aw oW ) ]
-y ——— | — - [— , (2.19
(ay — a3) Y (ay — @3) [ana (anu.B B ( )

where we have used the Parodi relation of Equation (2.13). Substituting this expres-
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sion into Equation (2.9) results in a new equation for the stress tensor:

the = BlAn g + BoAgg t Bi[A, e + Agynn,]

) .
(a2 — o) Vialte (o — a3) [azGunB " 0L3G‘3na]
+ 1 o ki n [+1 9_‘1’ n
(0, — o) 2 on, B 3 ong *~
1 d w
- [az ( ) ng + o ( 0 > na:l, (2.20)
(OLZ - 0L3) ana.y Y anﬂ,y .Y

where

Qelly — Qs

(0 ~ a3)

B =a;, B,=a, and B3 = (2.21)

Thus we arrive at the non-inertial version of the LE theory as given by Equations
(2.2, 19, 20).

If we were to set G = 0 and W = 0 (i.e., no external field nor distortion energy)
in the above equations, then the equations should reduce to Ericksen’s transversely
isotropic fluid.! In this case, if we incorporate vy into the first three terms of Equation
(2.20), we get the new phenomenological coefficients

(o + oy)?

(o — o) ’

B = a,, and Bf= 2 BB (59
(o — a3)

Bl = o
We shall use only the parameters of Equation (2.22) in the remainder of this paper.
Also note that if we impose, in addition to G = 0 and W = 0, the constraint
nn : Vu = 0, then the equations of an axially-inextensible transversely isotropic
linear viscous fluid are obtained. These equations have been used very recently?!->?
to provide constitutive relationships for a continuous fiber-reinforced Newtonian
fluid in thermoplastic composites manufacturing processes.

3. GENERALIZED BRACKET FORMULATION IN TERMS OF VECTOR
PARAMETERS

In this section, we derive the LE equations presented in the preceding section for
both reference frames using the generalized bracket formulation. This exercise
allows us to rewrite the LE equations in an alternate form, i.e., in Hamiltonian
form. Once we realize the underlying structure of this system of equations, we can
then generalize it in §4 to a theory in terms of tensorial structural parameters.
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3.1 Inertial Theory

Let us assume that the liquid-crystalline material is described by three vector fields:
the velocity, u, the director, n and the (as yet) unspecified vector, w. Later, this
parameter will be identified as the material derivative of the director (multiplied
by the inertial constant o}, o7i. We treat it temporarily as an independent parameter
in order to illustrate that applying the constraint n - n = 1 to the Poisson bracket
automatically ensures that the constraint 7 - n = 0 is satisfied without imposing it
explicitly.

Following References 11-13, the time evolution equations for the state variables
are introduced in the generalized bracket formulation as follows. Let F, G and H
be sufficiently regular functionals of u, n and @ which can be written in terms of
an integral expression, such as

Flu, n, o] = L f(u, n, 0) dV, 3.1

with f(u, n, w) being an arbitrary (with suitable continuity) integrable scalar function
of u, n and w over the domain (). The time derivative for the arbitrary functional,
F, is then expressed as
dF <8F du  dF on  JF do
= o C— 4 C—_ 4 —

dt Su ot  on o dw 5) av, (3-22)

or,

dF
o = (F H)} (3.2b)

where H is the Hamiltonian (energy) functional and {(. , .)}is a generalized bracket
operation.
The Hamiltonian of the system is defined by the expression®>

H[u,n,w]=L<%pu-u+$w-w+w+\pm>dv. (3.3)

In Equation (3.3), the first two terms represent the translational and rotational
kinetic energy, respectively. In the following the units of mass and length are so
chosen so as to make the density, p, equal unity (for convenience). W is the Frank
distortion energy,!” given by Equation (2.8), which represents the effects of spatial
variations on the director field. The last term vs,,,, includes the effects of an external
magnetic field into the system of equations. It is given as

Un= = 2 [xln - HY + xuH - H], (34
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The generalized bracket {(. , .)} is defined for two arbitrary functionais, F and
G, as'?

{(F, G)} =1{F, G} - [F, G], (3-5)

where {F, G} is a suitable Poisson bracket,'"12 satisfying the antisymmetry property
and the Jacobi identity, and [F, G] is a dissipation bracket'> which must be a non-
negative bilinear form.

The inertial Poisson bracket for two arbitrary functionals, Flu, ri, w] and
Glu, 7, w], where 7 is the unconstrained direction vector (i.e., not a unit vector),
can be written as

3F o d 3G dF
{F. G} = —J.um<*£-—"lz-——li——)dV
o du, or, du,  du, dr, du,

J’_(BF&SG 8668F>
= g\ = ) aV
Q du, or, dA,  du, or, dA,

3F 3G 3G dF
B L (ama T 53?) av

- (Eﬁﬁ_ﬁﬁ _Eifi) v, (3.6)

du, ar, dw,  Bu, ir, dw,

The first, second and fourth terms in the above expression represent the effects of
the material derivative on u, # and w, respectively. The third term interrelates n
and o (anticipating that @ = o71). The above expression is a Poisson bracket in
that it satisfies the antisymmetry property and the Jacobi identity.

In order to find the appropriate Poisson bracket for the system where the vector
7 is constrained to be a unit vector, we need to construct a projection mapping:

— — =g, 3.7

where we restrict ourselves to the functionals F and G which depend on 7 only
through their dependence on n. Thus we have

8F SF on 1 3F
S, = ong oh, () (Bup — npta) oy (3.8)
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Substitution of this expression into the Poisson bracket (3.6) yields

O8F 8 3G  dG 9 BdF
{F,G} = —f ua<—-————————) av
Q du., ar, du,

- [ n. (Eiﬁ_ 3G 9. 8F> v
{

du,, or., dn, g;; or, gn—u

dF o 3G 3G 9 SF
+ | g\ — gty — ) —— — | — ) | dV
Q ou,, or, dng du, or, dng

[ (3Es6 G or)
o (An,)"? \dw, dn,  dw, dn,

f [ (B, 368G, )
o (AA)2 \Bw, P “dng  Bw, © *dng

a

- | o (Eiéﬁ_iciiéi) av. (3.9)

du, ar, dw,  Bu, or, dw,

which, by construction, must satisfy the properties of a Poisson bracket.
The functional derivatives in these expressions are defined as follows. The func-
tional derivative of F with respect to the velocity is given by

SF of
=L (L) 10

where Il(a) is the projection operator to the divergence-free space defined in
Reference 12 as

@) =a — Vp (3.11)

Note that 4 = (O on the boundary of 2, d€}, which implies (i.e., to allow a proper
inner product'?) that 3F/du = 0 on 32 as well. The functional derivative of F with
respect to the director is defined as

F a
S _of o (L) o () (3.12)
8’1 on anB ana,B B an"/v‘3 B

since it must belong to the space where n is a unit vector. (Note that this definition
implies that n - [8F/8n] = 0). Finally, the remaining functional derivative is defined
as simply

SF _ of
dw do,,

[e3

(3.13)

¢ 3
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From the definition of the derivative (3.12), it is now obvious that the bracket
(3.9) reduces to Equation (3.6) when we set n = 7. Thus the Poisson bracket is
the same regardless of whether we consider » or 7, provided that we use the proper
functional derivative, (3.12).

The dissipation bracket, [. , .], in Equation (3.5) is expressed as

[F, G] = jﬂ Qupye 5: (%) 6_r.y <8u€> Vv
B J __B_E _ i E . E _ i _8_9_ n av
. Q, Bwu 6?']3 Suq B 500(, 3!’7 Sua y

SF o [OF 8G . 3 (3G
— + —|— — + — | = :
* fn % [Sw * or, (6149) nB] [Bwu or, <8uy> n,:I av, (.14

o

where the phenomenological matrix, Q, is given by
Qupye = anngnn. + as(8,,85, + 85,8,.)/2
+ (o + as)(Bgntanty + Bpnan.)2
+ (0 — a3)(dychpn, + o ngn)2.  (3.15)

This matrix is the most general possible form, out to fourth order in n, for an
incompressible fluid. The first term in the dissipation bracket, (3.14), represents
translational dissipation effects, and has the form of the dissipation of the trans-
versely isotropic fluid.! The second and third terms represent the dissipation effects
of rotational motion, i.e., they possess the forms of the upper- and lower-convected
derivatives, respectively. Note that this bracket couples the variables w and u with
themselves, and each other. n does not appear in the dissipation bracket since it
is a conserved quantity when the time scale of the problem is such that the inertial
effects are present. Due to the nature of 7, 7 must satisfy Equation (2.4) and the
dissipation shows itself in the equation for angular momentum.

The above dissipation bracket provides for the Hamiltonian, defined by Equation
(3.3), the same dissipation (provided that w is set equal to n) as that which was
evaluated by Leslie® (Clausius-Duhem inequality):

dH/dt = — [H, H] = — fﬂ fapAag dV + L gN.dV =0, (3.16)

where .5 and g are defined by Equations (2.9) and (2.15), respectively, since the
Parodi relationship holds. (In fact, it can immediately be seen now that this relation
is implied from Equation (3.15): since Q is a phenomenological dissipative param-
eter, it must satisfy the fundamental theorem of Onsager as well as material in-

variance; =Q = Qpaye = upey-) As a consequence, the non-negative-

afye yeafy T
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definite nature of the dissipation bracket imposes the same restrictions on the
parameters o, as appear in the LE theory (Equation 35 of Reference 5). (See
Appendix C for a note on this calculation). Also note that the dissipation is ex-
pressed by Equations (3.14-16) solely in terms of objective quantities.

Using the formalism developed in References 11, 12 and the references therein,
we can write the functional derivatives of the Hamiltonian (3.3) as

oH

g = Uy, (3.173)
3H oW oW
T = — 4+ — —
oL XoMpHpH, + xongn HzH n, on, ( anm) )
ad 144
- lVnﬂn,,( + (—) ngh,, (3.17b)
ong g,/ 5
and
:—H _1 W, (3.17¢)
w(!

so that the following evolution equations can be derived from Equations, (3.2, 3,
5,6, 14):

ow
urx = Fa = Do — <_ nB-‘l> + t"lyv‘y’ (3'18)
anB.v Y
on,, 1
e ey + Lo~ o) a1
I, u W W+ ([
—= ®
ar YWy an,  ang B n,p/ p

1
+ O [_ W, — ua’,yn,y:l - O3 [; W, + u,y‘un,yjl, (3.20)

where 1, is defined by Equation (2.9) with w/c replacing 7. From Equation (3.19),
we get

OH, = W, — Wghah, = ®, = OH, + &N, (3.21)

with the parameter € = wgng, as yet, not specified. In order to get o/i,, we take
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the material derivative of Equation (3.21):
O'iia = (i)(] - (;JBana - u)B"ana - eflu- (3.22)

Substitution of Equation (3.20) into the above expression then yields

. oW (aW
ofiy, = Gy + Yo, — — +
on

[¢3

3%,3) . + go — €, (3.23)

where the parameter v is evaluated as Equation (2.16). From the definition of the
Hamiltonian provided by Equation (3.3), we can now specify the parameter ¢ =
arigng = 0 from the initial condition @ = o# and Equation (3.21). For this value
of ¢, Equations (3.18, 23) reduce exactly to the LE equations, Equations (2.2, 3).

3.2 Non-lnertial Theory

It is also possible to use the generalized bracket formalism in order to develop the
LE equations under the quasi-steady state approximation— Equations (2.2, 19,
20). For this purpose, the Poisson bracket and dissipation expressions, developed
in the last subsection, need to be modified accordingly.

We shall now assume that the time scale of the problem is such that the director
inertia is negligible, i.e., 0 — 0 = » = 0. As such, the number of primary variables
in our problem is reduced from three to two:

Flu, n] = J.Q f(u, n) dv, (3.24)

and consequently, the Hamiltonian becomes

Hlu, n] = L (%u U+ W+ ¢,,,) dv. (3.25)

From Equation (3.6), we know that the inertial Poisson bracket is given as

F a ) dF
(F. G} = _j " (8__99 _ _G_i_) v
o du., or, du,  du, Ir, du,

8F 90 8G dG 94 ®F
-l a\—————-———]dv
0 du, ar, dn,  du, ar, dn,

[ (26 06 _ry
o \8(on,) dn, d(on,) dn,

o (A e Sy
o du., or, d8(on,)  du, dr, d(on,)

where we have replaced w, with o7,. As o — 0, the fourth integral in this expression
vanishes, however, we still have the functional derivatives with respect to o# in
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the third integral which must be reduced in terms of  and #. In order to accomplish
this task, let us invoke the conservative equation of continuity for the vector n:

Hy = Ny, ., (3.27)

where we have used the upper-convected derivative for a vectorial quantity to take
into account the codeformation with the medium. Next, we set

S _ . _ 9 3H
8(ry) ¢

a = Ry a_ry g{:,
for any H which depends on u only through the kinetic energy, as is the case for
the Hamiltonian (3.25). Substituting this expression, written for functionals F =
Hand G = H into the bracket, (3.26), yields the Poisson bracket for the functionals
Flu, n] and G[u, n]:

SF o6 8G 3G o B®F
mm*‘L%%mma“ayaﬂW

3F o 8G 3G o BdF
|\ ~————]dv
0 du, ar, dn,  du, or, dn,

8G a9 OF 3F a9 dG
—bﬂmmm‘aaaﬁV@@

(3.28)

Thus we arrive at the materially-objective Poisson bracket for a liquid-crystalline
system in terms of functionals of the primary variables u and n. Note that this
bracket applies whether or not # is constrained to be a unit vector. Similarly to
§3.1, it is easy to show that applying the map (3.7) to the unconstrained bracket
yields an additional term, which vanishes under the definition (3.12).

In order to develop the proper dissipation bracket, we must consider the changes
which occur in the problem as we adjust the time scale to allow the neglect of the
system inertia. The concept of a time scale is very important in determining which
variables couple in the dissipation bracket. For example, if the time scale is par-
ticularly short, any phenomena occurring over a longer time scale are “fixed” in
the system, and may be ignored. Alternatively, any phenomena occurring on a
much shorter time scale will happen so rapidly as to reveal an “average” value,
which also appears fixed. Thus, as we adjust our time scale to a value where the
inertia can safely be neglected, the dissipation manifests itself in a different way.
In terms of the dissipation bracket, the variables u and n now couple with themselves
and each other, similarly to the previous case:

a (dF\ o (3G 3F ®G
= Bae — | — | — dv + f —ng—n.d
[F, G] fn Qapre ar, (Buﬁ) or, (Sug) Q Papre on, "e dn, ne dV

d (dF 3G a [dCG SF
* fn Lagy. (a_ru (auB> . on,  or, (Bu[) ™ 8n€> v, (330
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where
ZBys = B?nanﬁn'\/ns + Bg(aa‘yaﬂs + Sﬁ'yaas)/z

+ B5(Ba.ngny + dg.non, + S mpn. + dpnan. )2,  (3.31)

1
PO‘B% = m [8,”855 + 83780‘5], (3.32)

and

O3

(o = oy [DePee + Budpy) (3.33)

apye = ( _

L

Previously, no dissipation was allowed in the 7 equation, however, as we alter
the time scale to neglect inertia, the dissipation must appear here. Thus the second
term in the dissipation bracket represents relaxational phenomena, while the third
allows for any non-affine coupling between the director and the velocity gradient.
(See Appendix B for a discussion concerning the minus sign in the third term of
the dissipation bracket). This dissipation bracket has exactly the same form as the
previous bracket, (3.14), although at first glance this does not appear to be the
case. The above form is a simpler representation of the standard form, which we
wrote out at length in Equation (3.14) in order to illustrate the rotational nature
of the previous dissipation. Here, however, we revert to the more elegant expression
of Equation (3.30). Of course, the phenomenological coefficients are not the same
as in the previous bracket, but this is to be expected. The dissipation terms represent
the effect of the lumped (non-resolved) degrees of freedom in the overall energy
balance. As such, they change as the accounted degrees of freedom change.

Through the identity [H, H] = 0, and the procedure of Appendix C, we can
arrive at the following conditions on the phenomenological coefficients:

a; — 0, =0, (3.34a)
Bz =0, (3.34b)
B + B2 =0, (3.34c)
and
2(BT + 2B3) + 35 = 0. (3.34d)

Upon substitution of Equation (2.22) into these inequalities, they become the
equivalent inequalities of Leslie.’

Using the Poisson bracket, (3.29), and the above dissipation bracket, (3.30), the
dynamical equation, (3.2), can be shown to be equivalent to the non-inertial LE
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equations (2.2, 19, 20). Thus we have arrived at a generalized bracket formalism
for each particular case of the LE theory, and in so doing, we have realized the
underlying structure and symmetry common to each case.

4. GENERALIZED BRACKET FORMULATION IN TERMS OF TENSORIAL
PARAMETERS

Now that we recognize the inherent, underlying structure of the brackets for liquid-
crystalline systems, we may reformulate these brackets in terms of tensorial pa-
rameters which better reflect the symmetries of liquid crystals. For instance, a turn
of the director by 180 degrees (i.e., a change in sign of the director) does not
influence the state of the material. The only way by which this insensitivity of the
material to changes in sign of the director can be reflected into the equations is if
we require them to depend on the tensor structural parameter, m,

m = nn, 4.1

and its time derivative(s). However, the above equation for m is overly restrictive
assuming a perfect alignment of the molecules along the director axis 7.

In general, a distribution of different orientations is established, in which case
Equation (4.1) should be replaced by an average of nn over the distribution func-
tion. In this case, only the more general constraint

r(m) = 1, (4.2)

is applicable. In addition to allowing the correct representation of the molecular
symmetries into the equations, a reformulation in terms of a general, symmetric
tensor parameter, m, subject to the constraint (4.2), allows the description of a
wider variety of liquid-crystalline structures: nematic, cholesteric and blue phases.®
as well as states with limited (statistical) order as encountered in polymeric liquid
crystals.® In addition, this formulation allows the description of various liquid-
crystalline states at equilibrium and the transitions among these states®%4. This is
only feasible through a unique description of the material’s free energy in terms
of the various moments of m and its spatial gradients. Note that this is not possible
if Equation (4.1) is valid (or, which is equivalent, if we still consider the problem
in terms of a unit vector description of the material), since in that case all the
moments are equal to unity. Indeed, this has been performed before'>-'* by in-
corporating a Landau-de Gennes expansion of the bulk free energy into the Ham-
iltonian of the form

H, = fn (aymapmp, + asmpmgm., + amgmgm. m.) dV, 4.3)

where the a; are phenomenological coefficients which depend on the system tem-
perature and concentration. (Due to the Cayley-Hamilton theorem, only terms out
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to fourth order are independent). This expression has been used many times in
the past to describe phase transitions in liquid-crystalline systems®*:10.13.14.23.24 for
static problems, however, no such expression is possible in terms of n since the
unit vector constraint will always reduce an equivalent Equation (4.3) to a constant.
In this section, we shall neglect H, and consider only an equivalent free energy
(Hamiltonian) to Equations (3.3, 25). We shall return to discuss the significance
of H, in §5, however.

When m can be represented as nn, it corresponds to a uniaxial structure, however,
a more general representation requires two independent directions vv + nn cor-
responding to a biaxial structure. Furthermore, it is well known that even in the
nematic liquid-crystalline state the uniaxial state is unstable relative to the biaxial
one,’ although the second component is much smaller in magnitude and can usually
be neglected.

Based upon the results of §3, we shall now attempt to derive generalized equa-
tions for liquid crystals in terms of the tensor m. The procedure is completely
analogous to that of §3, and therefore the discussion will be kept to a minimum.

4.1 Inertial Theory

Now we shall consider a liquid crystalline material which is described by the velocity
vector, u, and two tensor fields, m and w. As before, we shall later set w,g =
0"'m,gq, the material derivative of the structure tensor, m,,, multiplied by a different
inertial constant, 0. We can therefore write an arbitrary functional of these three
variable fields as

Flu, m, w] = J;l f(u, m, w) dV. 4.4)
Once again, we can write the dynamical equation for this functional as
dF

7 = \F H)} ={F H} - [F, H], (4.5)

where the Hamiltonian is given by

Hlu, m, w] = jﬂ (% pU U + Sam W W + W+ q;,,,) dv. (4.6)

In this Hamiltonian, p is again taken to be unity using suitable units for mass and
length, in order to simplify the final expressions. Similarly, {,, and W (see Reference
25 for details) are now expressed in terms of m (neglecting higher-order terms):

1
¥, = ——2-[xaHH:m+le'H], 4.7
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and

1
W = blmaﬂﬁmaﬁw + '2' bzmuﬁ'am,yﬁ,,y- (4.8)

We can now write the inertial Poisson bracket for two arbitrary functionals F[u,,,
Mg, Wep| and Glu,, 1 .p, Weg], Where it g is the unconstrained version of m,g,
as

8F o 8G 3G a4 BdF
= - — s T — < |av
{F, G} fn Ha (iiuy or, du, du, or, 8uu>

o (S 230 60 R,
o du, ar, dritg  du, dr, Sy

J’ ( 8F &G G ©&F )
- — — | av
Q \Bw,pg O,g  OW,g Srit,p

(26 00y,
o P \Bu, or, dw,s  du, dr, dwg ) ’

It can be shown that the above expression satisfies both the antisymmetry property
and the Jacobi identity for a Poisson bracket.

In order to obtain the appropriate Poisson bracket that satisfies both of the above
properties under the constraint imposed by Equation (4.2), we need to modify the
bracket (4.9). For this purpose, we once again introduce a mapping:

oy Lo Do = gy (4.10)

which projects an arbitrary tensor to a tensor with unit trace. We note that for any
functional, F, which depends on 1.4 only through m,g,'

OF d3F om, 3F 1
- £ = o —— (BuyBpe — MyBag)- 4.11
amqg SmVE arhaﬁ Sm'ye m-yy ( ay Be m-yx-; aﬁ) ( )

Substitution of the mapping (4.11) into the bracket (4.9) yields the Poisson bracket
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for the constrained tensor, m3:

F o 0 3G @
.61 < - [ u (2200360 3E)
Q du., or, du,  du, dr, du,

Y O (G CA X o) av
a °P du, or, dm,s  du, dr, dm,g

f ( 3F 8G 3G 8F>
- - dv
0 \Ow,p dm,z  Bdw,g B,

+fm 3F 3G 8G dF dv
a Y \dw,, dm,,  dw,, dm,,

[ (236 0 o),
a P \du, dr, dw,g  du, dr, dw, ’

69

(4.12)

where F and G are now functionals of u, m and w. In the above expression, the

functional derivatives are defined as follows:

8F _1( of of 1 af
dmap 2 \dmus  Omg, 3 *®om,,
1 of 1 of 1 af
N — _ | — — SaB S
2\0mua /v 2 \0Mpay/ 4 3 om., ./
and
dF of

OW,p  Wap

Note that no constraint is imposed a priori on the tensor parameter w.

(4.15)
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A dissipation bracket can also be provided, analogously to the bracket (3.14),

as

3 (dF\ 8 (3G
[F,G] = L Repre 5, (8—u—ﬁ> P <8ue> dv

o[, 2B
a ° W, “Y or., dug

_[SG 3 3G

o 3 OF
B ar, du,

F) SG]dV

L L L
BWep ¥ ar,, dug ®Y ar, du,

+I o | 2 o, 200
o ° |ow Y drg du,

ap

[26 ,, 23
DWap “Y drg Bu,

where

R

afiye

o 3 BF
®Y ar, du,

3G
BY ar, du,

] dv, (4.16)

= (x’{‘(maymﬁg + mﬂEmB.y)/z + aT(aa'ySBE + 83780‘5)/2

+ a?(8p M,y + Bg M. t Boompy + 8, )2

+ (Mo B, + M ds, + doymgimy, + 8gmpmy,)/2

+ (Mo My My, + My My Mg, + mymgmy, + Mo Mg )2

+ af(momemgm,. + momgmg m, )2.

(4.17)

Note that the above expression is the most general form of the phenomenological
tensor R (for an incompressible fluid), given the unit trace constraint on m and
the Cayley-Hamilton theorem. (The eight coefficients o can, in general, be func-

tions of the second and third invariants of m).

Using Equations (4.6-8, 13-15), we may evaluate the functional derivatives of

the Hamiltonian:

oH _
du, ¥
SH 1 1
S > = - '2' Xa (HQHB § SaBH'YH‘Y> blm‘lﬁ"y'y

1 1

) <§ Meyo T 5 Mayp ~

(4.18a)

1

§ aaﬂmye,s) 5y (418b)
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and

SH
dW,p

= Woa/0™. (4.18¢)

Upon substitution of the above derivatives into the dynamical equation provided
by Equations (4.5, 12, 16), we obtain the evolution equations

. oW
u, = F? —Pra (mye,zx a———) + TGB\B’ (4'19)
ve.B/ .B
O™y = Wog — WoyMag = Wog = 07Hlgs + €My, (4.20)
W dH + 9 oH + of ! w m,.u
B T T FT apMlye 5 o e Wag — My, - Mg Uy
B BmuB piity Sm-ys 2 g™ B Y By ByYeo,y

1
- of [;,; Wag + Moyliyg + va”v’u]’ (4.21)

where
F7 = x,HgH, ,mg,, (4.22)
and
” 1
T(xB = RBuyeAye + 2(!2 mB'y a—,; wory - masu'y,s - msyuu,e

1
+ 207m,, [U—m- Wgy T Myl g + mBEum]. (4.23)

From Equations (4.20, 21), we obtain

. ) , , SH SH ( Ly )
o'm = W, - w.,.m - w, .. m = - — am —— \m B - = 8
af op vy tep Yy tap SmaB YE Smys o 3 o

+ (a'Zn - agn)maﬁ - ag’[mm‘yuﬂ‘y + mByuaw]
— af[mau, g + Mo, ] + 2005 + oF)megmo .y — €M, (4.24)
= (), we obtain the generalized theory in terms of tensorial

Setting e = w,,, = m

parameters.

Y Y
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If we take the special case of Equation (4.1), i.e.,
Mag = R Np, Mag = A g + ng and  ritg
= Fighg + Notig + 2h,0,,  (4.25)

then we can transform the above tensorial equations directly into the inertial LE
equations in the following manner. First we must pick up the parameters as such?:

Kl = K3 = 2b, + bz, K2 = 2b1, g = 20'”',
o + oy — a3 = af + af' + 207, o, + a5 = a5 — a3 = af + af,
oy = af, o2 = of, and a2 = of. (4.26)

Note that the choice of o provides the same rotational kinetic energy in the two
Hamiltonian expressions when m = nn, as can be seen explicitly by expanding the
rotational kinetic energy of Equation (4.6) for m = nn:

WopWap/20™ = 0" (fing + Notig)(ahg + Rorig)2

= oA N, = wwj/4c™.  (4.27)

Therefore, in order for Equation (4.27) to be equivalent to the rotational kinetic
energy of Equation (3.3), we must have ¢ = 20”. Similarly, for a unit vector
description, we know that

n. i, + A, = 0. (4.28)
In terms of the tensor r,q, this becomes
Ronphiteg = 2fin, = —2n,A,, (4.29)
but according to Equation (4.24), we have

SH
drmyg

0" R NpHe = —3n,ng (4.30)

Therefore, in order to make the transformation from m to n, we must realize that

SH
—3n.ng _87[; = —20™An,. (4.31)

This equality must hold for the m — n transformation to be valid since the m—
level description contains additional information which must be constrained to allow
the transition to the vector level. One more point—because of the difference in
the constraints between the vector and tensor cases, we need to express the func-
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tional derivative 8H/dn in terms of the functional derivatives 8H/5m through the
relation
8H SH

. 2 am

SH
-2 — 3
n, Srmg, ngn. M, (4.32)

Yo
obtained by differentiation by parts of the partial derivatives and the use of the
corresponding projection operations. Once the above points are taken into account,
it is easy to show that the general tensor theory reduces exactly to the LE theory,
Equations (2.2, 3), in the limit m = nn.

4.2 Non-Inertial Theory

Now we may apply the procedure of §3.2 to the generalized tensorial theory to
obtain the non-inertial equations. Again, we consider that the parameter o™ — 0,
so that the functional is now

Flu, m] = fn f(u, m) dV, (4.33)
with the corresponding Hamiltonian
Hlu, m] = L (% u-u+ W+ d;m) dv. (4.34)
Analogously to §3.2, we use the transformation
oH  _ g = 8 dH 4 dH (4.35)

— my, — — + My, — —,
d(c™Mp) *Y dr,, dug B ar., du,

(for arbitrary F and G) corresponding to the upper-convected time derivative, to

arrive at the following materially-objective Poisson bracket from the previous bracket,
(4.12):

3F 9 G a3
.61 = - [ (L2200,
Q du, or, du,  du, or, du,

[ g (e 308 b,
o *®\du,ar,dm,;  du, or, dm,,

o (2 () 25 - 2 (26) 2 ) v

a Y \or, \dug/ dm,s  Iry \Bug/ dmg

[ (£ () 3G 2 (30 B
o B ar, \du, ) dm,g  or, \du,) dmy

o [(dF\ 3G a (d8G ) ®F
— -— | . .36
2 fn el (ar[3 <8u,,> dm,, org <8ua) SmW) av.  (4.36)
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The dissipation bracket corresponding to Equation (3.30) is

a (8F\ & (8G f 8F 3G
= av + | pm dv
[F, G] = f Rpve 5 or, (suﬂ) (au) B S DML,
8F\ 5G a (3G ®F
+f Lr.. (2 ——) ( ) )dV
") or, \dug/ dm,, duy ) dm,,

a [dF\ BG KA 3G\ O®F
- 4.
f L*]CYY of ( (SuE) 8‘”01[3 (8“;) 8”1113) dV, ( 37)

where
R::‘B‘YE B'l"(ma‘ymﬁs + muemﬂy)lz + BT(Ba-ySBa + 8&5837)/2
+ BT (Bacmpy + dp Mg, + 8o ma. + 83 m,. )2
+ B (mapmydy, + mogmydg, + mgm 3, + mym 35.)/2

+ B (mognyymg, + momymg, + momgm, + mymgmg )2

+ Bg(mymemgm,. + mymmgm. )2 (4.38a)
1
Ple,. = aﬂ— [(84cBay t Bgedey)/2 + 3mgpem..], (4.38b)
7
and
1
L:an-ys = 5 (Bg' - 1)(8usm[3-y + Sﬁsma‘y + Sa'ymﬁe + Sﬁymae)’ (438C)

where we have chosen P™ so as to suit the form of Equation (4.24) when ¢™ —
0. Note that the fourth integral in the above dissipation bracket was obtained by
applying the mapping (4.10) via Equation (4.11) to the unconstrained dissipation
bracket (not shown) in a similar fashion to the preceding cases. (Again, see Ap-
pendix B for a discussion concerning the minus signs in the third and fourth terms
in the dissipation bracket). In the unit vector description, the unconstrained and
constrained dissipation brackets were the same, as was shown for the Poisson
brackets. Also, it is now evident from the form of the dissipation'? that B plays

EPS #6663 Paper Ref. No. LC-DL97



Downloaded by [Tomsk State University of Control Systems and Radio] at 09:54 19 February 2013

LIQUID CRYSTAL DYNAMICS 75

the role of the system relaxation time and that B expresses the degree of non-
affine motion. In order to be consistent with the inertial theory of §4.1, it is obvious
that

o

m=aof —af and ————
B7 3 2 (aa,, N ag")

= (Bg — )2 (4.39)

The conditions on the B7 of Equation (3.34) probably still apply to the B7 of
Equation (4.38), but only as necessary and not sufficient conditions.

Using the dynamical equation for F, Equation (4.5), the brackets (4.36, 37), and
the functional derivatives (4.18a, b), we can arrive at the evolution equations for
the variables u and m:

oW
u, = FZ‘ -P,, - <m7m a——> + TZ’&B’ (440&)
ve.B/ B
and
flog = ! oH + 3m dH (m —18 ))
Mep = (o — aF) \dm,g o, \ P 3P
of oz’
— Ugy + mal, | + ———
(agz _ ag”) [mow By By .v] (ain — 01.5")

[maity e + vauv,u]

(aF + of)

e e ™

(4.40b)

In the above evolution equations, the extra stress is defined as

207 m dH + 207 m dH
(0F = of) "P ¥m,,  (oF ~ o) Y dm,g

T3 = RE. Ay +

(af + af) 3H

2 (o = o) MM, o, (4.41)

The above equations, (4.40, 41), can also be obtained directly from the inertial
theory, Equations (4.19-23), in the limit of o™ — 0. In order to verify this state-
ment, one must realize that the W,z in Equation (4.21) vanishes in the non-inertial
limit, and then solve this equation for w,p/c™. Substituting the resulting expression
into Equation (4.20) then yields the evolution equation for r,s, (4.40b). Substi-
tuting w,e/c™ into Equation (4.23) then gives the extra-stress expression, (4.41),
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provided we set

By _— oo
= a —_——e——
T (e - )
4afaf

af', By = of, and BY =

™
>3
Il

m + ag'. (442)
2

The above evolution equations provide the generalized theory for the non-inertial
system. For the special case of m = nn, one can again show that the non-inertial
LE theory is recovered, provided that the o7 are suitably defined as functions of
the «;, as given by Equation (4.26). Once again, one must also use the constraint
(4.31).

5. DISCUSSION

In this paper the generalized bracket formulation has been used in order to sys-
tematically generate models for liquid-crystalline flow behavior at various levels of
abstraction. The derivations of the above models, performed in the preceding
sections using the bracket techniques, was straightforward, albeit very tedious
algebraically. The most important outcome of this investigation is the two consistent
systems of equations developed for both the inertial and the non-inertial cases,
Equations (4.19, 23, 24) and Equations (4.39-41), respectively. All previously
derived models (LE theory and the Ericksen scalar-vector theory) were shown to
be subcases of this general tensorial theory. In addition, we have succeeded in
demonstrating the underlying Hamiltonian structure of the entire hierarchy of
dynamical liquid-crystalline equations.

The above generalized theory in terms of the structural tensor, m, has several
advantages over the existing rheological theories for liquid crystals. Firstly, the use
of the tensor m allows generalization to biaxial liquid-crystalline systems, which
occur frequently and are also of experimental interest.® Also, the physics of the
isotropic/liquid-crystalline and liquid-crystalline/liquid-crystalline phase transitions
can now be explored in a rheological context through the inclusion in the Hamil-
tonian in Equation (4.6) of the bulk (Landau-de Gennes-type) free energy, H,,
Equation (4.3), which is known to adequately describe the qualitative behavior of
phase transitions under no-flow conditions.®13:14.23.24 T fact, H, can be incor-
porated directly into both inertial and non-inertial theories simply by reevaluating
the functional derivative 8H"/dm with H* = H + H,:

SH" 1 1
om R = - 5 Xa(HuHB - 5 SGBHYH‘Y) - blmuB,v,v

1 1 1
- b2 <§ mﬁ‘y.tx + ima'\/,[} - gsaﬁmye,s_)

~Y
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1 1
+ 2a, (maﬁ - —3—8‘13) + 3a, <mmmVB - ESaBmwmw)

+ 4a, (mmmwmsB - %Buamyemmmm,). (5.1

In References 13 and 14, a generalized Doi model was introduced using the
generalized bracket formulation, which incorporated into the Doi-type, quasi-steady-
state theory the effects of the distortion energy, W, as well as the translational
diffusivity of the molecules. This theory is easily seen to be a special case of the
quasi-steady-state (non-inertial) theory of §4.2. In fact, by setting o’y = 0, R =
0, L™ = 0, and

7o = ABardpe + Barday)2. (5.2)

where A is the rotational diffusivity of Doi,® the equations of Reference 13 are
immediately recovered (except for the translational diffusivity). Thus we come full-
circle, finally, in reconciling the two theories, Doi and LE, which once seemed so
far apart.

Recently, researchers have made claims that the Doi theory in terms of the
distribution function allows tumbling in shear flow,?¢ as does the LE theory, al-
though the tumbling phenomenon is lost in making the transition to the order-
parameter Doi theory. The Doi decoupling approximation® has been blamed for
this discrepancy. The theory of §4.2 clearly makes this shear-induced tumbling of
the molecular axis possible as a consequence of the more-physically-appealing non-
affine motion. Whether or not the tumbling phenomenon at the molecular level,
which is based on the assumption of the establishment of a homogeneous shearing
motion, is important to the description of the flow behavior of real fluids which
have a multidomain inhomogeneous structure remains to be seen.

From the form of the dissipation brackets in both of the above non-inertial
theories, and the resulting equations, it is apparent that the non-affine motion has
the characteristics of the mixed-convective derivative originally proposed by Gor-
don and Schowalter.?” (This is not surprising since these authors used Ericksen’s
anisotropic fluid theory! to derive the form for this mixed derivative). In fact, by
setting

207

a=[38=1+m,

(5.3)

where q is the derivative coefficient, we can immediately recast Equations 4.40,
41) into the mixed-derivative equations. When of = 0, a = 1 and the upper-
convected derivative results; when o3 = 0,4 = —1 and we get the lower-convected
derivative.

In the continuum approach of this paper, the form of the final evolution equation
for mis directly related to the dissipation tensor of Equation (4.38b). Alternatively,
when making the transition from the distribution function theory to the order-
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parameter theory (Doi-type theories), one usually makes a guess as to the appro-
priate decoupling approximation. This is akin to ‘guessing’ a form for the dissipation
tensor of Equation (4.38b). Now, however, we realize a criterion that this decou-
pling approximation must meet: it must be consistent with the inertial theory. Also
note that the form of the dissipation is highly dependent on the number and the
nature of the variables of the formulation. Characteristically, whereas the influence
of the Hamiltonian on the evolution equation for n is affected through the Poisson
bracket in the inertial approximation, in the non-inertial one it is obtained through
the dissipation. We believe that this phenomenon is a more general one and in-
dicative of the character of the dissipation bracket in the formulation: with this
bracket, we try to describe the effects of the non-resolved degrees of freedom.
Therefore, when one degree of freedom is allowed to equilibrate (in the inertial
case: ¢ = 0) part of the effect that it has on the other variables is passed through
new terms in the dissipation bracket (compare Equations 3.14 and 3.30).

Currently, a stability analysis upon the equations of §4.2 is underway in order
to determine the exact behavior of the solutions to the generalized, quasi-steady-
state (non-inertial) theory in shear flow.3° (Calderer'”-? has recently done this for
a special case of the scalar-vector description, presented in Appendix A, with
interesting results.) Also, a numerical procedure is being developed in order to
investigate the influence of spatial anisotropy on the shear-flow properties.* This
model, being formulated in terms of the tensor m, should be, in principle, not
more difficult to be used in numerical calculations than any standard viscoelastic
flow model (e.g., upper convected Maxwell) for artitrary kinematics. From a con-
tinuum mechanics viewpoint the theory is completely general (when the transla-
tional diffusivity of Reference 13 is incorporated), and should allow consistent
results to be obtained with respect to any other continuum theory involving up to
one tensorial structural parameter. Hopefully, the work which is being performed
on this system of equations will finally provide some meaningful answers to some
long-posed questions in this field.

APPENDIX A

In this appendix, we wish to show how the recent theory of Ericksen' (a particular
case of which was examined by Calderer)!”-1® can arise as a special case of the
tensorial theory of §4. The non-inertial Ericksen scalar-vector theory involves two
internal structural parameters: a scalar order parameter, s, describing the spread
or distribution of the orientation, and a unit vector, the director n, similar to the
one present in the LE theory as discussed before in §2. For s = 1, perfect alignment
is assumed, with random alignment corresponding to s = 0. Two evolution equa-
tions are provided,'® for s and n:

~

1 3H  By(s)
Bz(s) ds Qz(s)

nT-A-n (A.1)
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and
. 72( )T 1 ®H
n=Q: A-n) - - = —_— (A2)
ey A A S e
The stress is expressed as
teg + POop = G4(s)nngnn A, + 6,(s)[rng — Qoynyng)
+ Gs(s)Agn, — stnwna]
+ &4(8)Agp + Gs(s)ngn, A, + ae(s)nn,Alg
N )% % aw
) - P XY I A3
+ Bl(s)snanﬁ ny,a 3717,3 s o aS,B ( )
Whel'e '91 = d3 - 6L2 and '92 = &6 - &5 = &2 + &.3.

The above theory involves seven parameters (excluding H'), as general functions
of 5, which we can also see by rewriting the stress Equation (A.3), using Equations
(A.1, 2) to substitute for 7 and §:

32 A2
o4 pouy = daduy + (& + 2 = B} pninna
ap T POup ™ QAgp oy 3 éz RaNgh Ay,
1

+ (&5 - G- > [nn,As + npn Al

B dH W W 1%
B, " Ceas,  en, 24
5H sH| 1[ oH 5H
Nn 22 4, 25| - 2, 22—, 22 A4
[n“ dny e Sna] 2 [n"‘ dng " Snu] (A-4)

From Equations (A.1, 2, 4), we see that there are seven independent parameters
are Bl’ BZ’ '?17 '927 d4’ dl’ and d5'

In the following, we shall show that one can obtain the above scalar-vector theory
from the tensorial theory developed in §4 under the uniaxial approximation

1 -5

Myg = S ng + 3 Bups (A.5a)

which implies

1
Mopy = Sy <nunB -3 8043) + s(ny g T Nalg ), (A.5b)
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and
: . 1 . .
Mg = 8 (nanﬁ - 380(3) + s(rng + nyng). (A.5¢)
Using differentiation by parts, we have
8H 8H 8H
. 2s (Smay n, — sy anyn(,), (A.6a)
8H 8H
— = , A.6b
55 omeg P (A.6b)
and
ow ow
oW _ 2s W n, and — = n.n.,. (A.60)
Snv,B amva-ﬂ as B am-ye_B

Substitution of the identities (A.S, 6) into Equation (4.40b) and double-dotting
with nn yields the evolution equation for the scalar order parameter:

3 1+2% 3H (o + o)
R e e NV EE . (AT
T e b e e & DT A (A
Again substituting identities (A.S, 6) into Equation (4.40b), but this time dotting
with n and then substituting (A.7) gives

(e +af)2 + s
(of — af) 3s

n=Q:n

[p(nT-A-n) — A-nj
L1 1M
(o — of) 252 3n,

Using Equations (A.5a, 6) in Equations (4.40a, 41) produces the constitutive equa-
tion for the stress:

(A.8)

1 -5 s+ 2
HuB = B’lnsznunﬁn-ynsA'ye + (B’Ins 3 + B'Zns + Bgns 3 )
(1 Ay + A

2 2 1
+ [BQ” + 3BT —8) + 5RY(A - 8)* + BT - 8)2] A

oW ow (af + of) oH
Lo + 1 - )2 + 1) —
S 35 g Fiva on,g (af — ag")( X ) B o'
12 + s(af + of) 3H dH
1 — - + -
K + 2 35 (af ~ of) Mo dng Mo dn,
1 oH SH
) [”“ ong P Sna]’ (4.9
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provided that one uses the constraint

2 3H 1 d3H 1 dH 0H
= = -z — + = — — A.10
30mg, (n“nﬁ 3 8“B> Bs * 3s [n“ dng T e 8na] ( )

to restrict the excess information contained in the tensorial theory. Note that this
constraint is entirely consistent with the definitions (A.6a, b). In Equation (A.9),
K’ is an isotropic function of H which can be incorporated into the pressure, and
B7 = B% = 0 (solely for convenience).

In order to see how the constraint (A.10) arises, we must consider the lowest-
order weighted-residual approximation to 3H/8m. Starting with

dm,g dm,g 85 om,s dn 1 1
of _ o + "‘ Eo= — (3 .. 8ax + 3.8 - = ) A1l
dm.;, ds B, on, dm. 2( vTss ws0py) 3 Bysdupr )

we realize that we have more equations than unknowns, and thus an over-deter-
minate system. We therefore seek the best approximation, using the weighted-
residuals method, by taking weighted averages of the above equation provided by
double-dotting (A.11) with 3 and dotting with n. We obtain respectively

ao [e1e3

om,, ©s om,, on,
+ =0
ds  dm.s on, dm,;

and

om.g ds om,g dn,

1
—_— . A
o5 dm, e on, dm Syt (A12)

1
nB = z (Sa,yns + Sasn.y) - 3

Now we have a consistent set of four equations for four unknowns, dn,/om. 5 and
ds/dm.; for every partial derivative with respect to m.s. Using Equation (A.5a),
we can calculate dm,g/ds and dm,g/on ., so that we may solve (A.12) to obtain

dn,, 1 1
P . = % (Boytts + Bystty) — ;nunyns (A.13)
¥
and
os 3 1
om s = 5 (n.ynﬁ - 3878), (A.14)
N

realizing, of course, that these values are the best estimates based on the above-
mentioned weighted-residuals procedure. Finally, by using differentiation by parts,

3H _ oH &  oH ®n,

8y T s dm g a_n_y Sy’

(A.15)

we can arrive directly at the constraint (A.10).
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By comparing Equations (A.7, 8, 9) to Equations (A.1, 2, 4), we see that the
two theories are equivalent provided the following relationships hold:

A (o' — of)

B = —2 56

_(oF + oF)
(aF — of)

Bi_ @2s + 1)1 - s),
B2

2 2 1
&y = BT + 3BF(1 —5) + 5 BT - 5 + 5 BT - 5)°,

(&1+7—%—§) _ppe, B (@ra)Zis
1 B2 1 (aff — o) 3s
and

Y 1 -5
Gs — &2¥Z = B7's + B5s

Y1 3

s+ 2 R
F RIS, = 2%ef - o). (A16)

Inclusion of non-zero 7 and/or B¢ modifies trivially the right-hand side of the
third, fourth and sixAth 9f the above equations. The important observation, however,
is that by dividing B,/8, by 9./4,, we always get the constraint

Y, @+ DA =)

3 Crsy (A0

By
B,
which reduces the number of independent parameters in the Ericksen theory from
seven to six. The underlying physical meaning behind this constraint is that the
dependencies of the time variations of s and n on A are correlated since they arise
from a single evolution equation for m.

Ericksen’s theory has been derived here in its non-inertial form. It is obvious
that the same substitutions (A.5, 6) can be used in conjunction with the theory of
§4.1 to develop the inertial scalar-vector theory.

APPENDIX B

The objective of this appendix is to rationalize the form of the dissipation bracket
used in this work. Note that in this appendix, we choose to work in terms of the
tensorial representation, although the same arguments apply to the unit-vector
description as well.

The dissipation bracket couples the tensors (affinities) V(8H/du) and 8 H/dm with
themselves and each other. The lowest possible order is biquadratic in V(8H/du)
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and 5H/5m, and therefore the (unconstrained) bracket is written explicitly as

3F 3G 3G 3F
om0 7. (2) 9, (29) + . (22) 0, (22))

3F dG S 3F
+ I (PGB,E — + PX%.. G ) av
My oM, dmy, dm.,

dF\ &G 3G\ oF
— Vol — dv. .
" J’ <L°‘ﬁ?5 va <8u[5> am'ye ofre T (8“3) 8m¥£> (B 1)

We can relate the phenomenological coefficient matrices, however, using the On-
sager-Casimir reciprocal relations for a general matrix Z:

Zeo(t) = mapZo(—1), (B.2)

where m, and m, are the parities of each affinity (V(8H/8u) and 8H/8m) under a
microscopic time reversal,?® indicated by 7. The parity of V(8H/3u) is —1, and the
parity of 8H/5m is 1. Hence,

Re® = Rb%, P® =P, and L® = — L. (B.3)

Thus we arrive at the bracket as given by Equation (4.37).

Since the term involving the cross-coupling is antisymmetric, it does not con-
tribute to the overall entropy production. It is included in the dissipation bracket
rather than an additional contribution to the Poisson bracket of Equation (4.36)
since the resulting bracket then loses its symplectic nature (i.e., it does not satisfy
the Jacobi identity).!? Following Woods,? it is known that for couplings with m,m,
= —1, if Z°(7) = Z’*(—n) (which is the case for L), the process makes no
contribution to the entropy production. This represents a well-founded thermo-
dynamic principle concerning dissipative systems.

APPENDIX C

Both Leslie® and Parodi?® have performed the calculation of determining the con-

straints on the o;, but neither have been very extroverted in their expositions on

this subject. In the following, we show briefly how this calculation may be per-

formed for the case of Equation (3.16), and we arrive at the constraints imposed

by Leslie.” These constraints are slightly different than those of Parodi2®; the dis-

crepancy being possibly due to the neglect of the constraints on A and N by Parodi.
For an incompressible fluid, A is both symmetric and traceless:

1
Agp = = (Aup + Ag) — 2 A, 0 (C.1)

1
2
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Also, N must satisfy the constraint
N, — Ngngn, = 0> N, = N, — Nygngn.,. (C.2)
Directly from Equation (3.16), we can rewrite the inequality as
a1(nanpAup) + 0y(Agp)’ + N A + B(Agng)* + vi(N)? =0, (C.3)
where
B=as+ a (C.4)
and
m=o, o3+ 0 — as. (C.5)

Since the coordinate system is completely arbitrary, we can choose our Cartesian
coordinates so that the x, direction lies in the direction of n,, so that n may be
written as

n=(1,0,07. (C.6)

Substituting Equations (C.1, 2, 6) into inequality (C.3) yields a 9 X 9 symmetric
matrix, B, satisfying the inequality

CT-B-C=0, (C.7)
where C is the vector

C= (Am Azza A335 A12’ Azs, A31’ Nl’ Nz, Na)r- (C.8)

In order for the inequality, (C.7), to be valid, B must be non-negative definite.
The non-zero components of this matrix, B, are

4
By, =

2
'9'((!1 + B) + 3“4’

BZZ

1 2
By; = 5(0‘1 +B) + 50‘4’

By = Bgg = 204 + B,

Bgg = By = V1,

2 1
By, = By, = Bjz = B, = _6(011 + B) 3%

1 1
By; = By, = 6(“1 +B) - 3 %4
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and
Bgy = Byg = Bgs = By = m/2. (C.9)
Since B must be non-negative definite, all the diagonal components must be greater
than or equal to zero, as well as the determinants of all of the principle minors.

This easily results in a number of conditions on the «;, five of which are not
superfluous:

20, + 30, + 23 =0
and
4v,(204 + B) = % (C.10)

These are the conditions of Leslie (Reference 5, Equation 35).
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